INTRODUCTION
Separability assumptions on functional structure have received a great deal of attention from econometricians and economic theorists during the last two decades. The practical importance of separability results from three facts: (a) separability provides the fundamental linkage between aggregation over goods and the maximization principles in economic theory, (b) separability provides the theoretical basis for partitioning the economy's structure into sectors, and (c) separability provides a theoretical hypothesis, which can produce powerful parameter restrictions, permitting great simplification in estimation of large demand systems. On these uses, see Green (1964, theorem 4) , Barten (1964 Barten ( , 1968 , Byron (1970) , Barnett (1977) , and Serletis (1987) . As a result, separability is a fundamental testable hypothesis, and the testing of separability hypotheses has, in recent years, been considerably facilitated by the development of new demand models based on flexible functional forms (e.g., see Barnett 1983) .
Flexible functional forms, however, are structured, by definition, solely for the purpose of providing local approximations, and as a result the approximation properties of those models over finite regions are not well understood. A number of approaches have been used to explore the regional and global properties of flexible functional forms and to determine the effects of structural restrictions, such as separability, on the local properties of such models (e.g., see Barnett, Lee, and Wolfe 1985, 1987; Byron 1984; Caves and Christensen 1980; Gallant 1981; Guilkey and Lovell 1980; Guilkey, Lovell, and Sickles 1983; Wales 1977) . For example, Blackorby, Primont, and Russell (1977) proved that the imposition of separability destroys the local flexibility property of flexible functional forms when separability is imposed globally. It has more recently been argued that the difficulties associated with testing separability can be circumvented by conducting and interpreting the tests locally. We use that local interpretation of "approximate" separability in this study. We also try Varian's new nonparametric test. The reliability of the various available tests for separability has never been determined. In particular, nothing is known about the power of the available tests of separability, other than that the theoretical result proved by Blackorby, Primont, and Russell (1977) tends to cast doubt on that power.
The ability of flexible functional forms to make correct inferences about homotheticity was investigated by Guilkey and Lovell (1980) and Guilkey et al. (1980) . In this article, we carefully examine the capability of flexible functional forms to provide correct inferences about separability. Specifically, we produce Monte Carlo experiments based on data generated by the three-good WS-branch utility function, which is blockwise weakly separable. The flexible functional forms that we consider in this article are the translog (TL), the absolute price version of Rotterdam model (RM), the generalized Leontief (GL), and the third-order translog (3TL). We find that none of these models is well suited for testing for weak separability, although each of the models performs better at producing other inferences.
There are other models that have been proposed for separability testing. Woodland (1978) proposed a modified TL model for testing separability on the production side, but we omit that model in our study, since we consider only consumption models. In addition, Woodland's approach was not completely general, because his test was only applicable to certain preselected separability hypotheses. Blackorby, Schworm, and Fisher (1986) proposed a newer, and very promising, test of blockwise weak separability in the production context. That approach, based on Diewert and Wales's (1987) symmetric generalized Barnett model, has not yet been adapted to consumer demand modeling and hence has not been used in our study. Varian (1982 Varian ( , 1983 Varian ( , 1985 introduced a nonparametric procedure for testing hypotheses about consumer (or producer) behavior. He developed a computational algorithm that can check whether a given data set is consistent with the maximization hypothesis. The advantage of this procedure is that it does not require a particular functional form and, therefore, potentially can avoid problems that may arise as a result of model misspecification. Varian's approach is particularly useful in testing for the consistency of data with theory. The currently available nonparametric approach to separability hypothesis testing is not satisfactory, however. That approach checks sufficient but not necessary conditions for the data to satisfy a separable structure. Those sufficient conditions are so restrictive that the test is very strongly biased towards rejection. Nevertheless, we tested the procedure with the Pascal program (2nd version) developed by Varian and with the data generated from the three-good Cobb-Douglas function without random disturbances. We could find no case in which Varian's sufficient conditions for separability were satisfied, despite the fact that the threegood Cobb-Douglas function is completely strongly separable and, therefore, separable in all blockings of goods. Since the restrictive nature of the test is acknowledged in Varian's publications on the subject, these results perhaps are not surprising and are not relevant to the use of his procedures to test for consistency with the maximization hypothesis rather than for separability.
In addition, we derive a useful relationship between the elasticities of substitution among elementary goods and between aggregates. That relationship considerably reduces the difficulties involved in the computation of those elasticities. Our Monte Carlo experiments not only produce conclusions about the power of separability tests but also about the competing models' ability to produce point estimates of elasticities of substitution and to satisfy the theoretical regularity conditions within the region of the data. We find that weak separability is a particularly difficult hypothesis to test with the popular approaches considered in this article.
SEPARABILITY, DUALITY, AND ELASTICITIES OF SUBSTITUTION
Assume that a preference structure is represented by a twice-differentiable, strictly quasiconcave utility function, U , with a finite number, N + M, of goods, each having strictly positive marginal utility: U = u(x, y), where x = (x,, . . . ,xN) and y = ( y , , . . . ,y,). If there exists an aggregator function, F, such that then y is said to be weakly separable from x in u. For an extensive discussion of separability, see Blackorby et al. (1978) and Goldman and Uzawa (1964) . If the aggregator function is also homothetic, y is said to be homothetically separable from x in u. For the corresponding indirect utility function, there then exists a homothetic price aggregator function, P, such that where ij = (q,,. . . , - qN) and p = ( p l , . . . ,pM) are the expenditure-normalized price vectors for x and y, respectively. In particular, if (q, p) are the corresponding nonnormalized prices, and if I is total expenditure on (x, y), then (ij, p) = (q, p)lI. Therefore, if one is interested in testing a homothetic separability hypothesis on a direct utility function, the test may be carried out by testing homothetic separability of the indirect utility function. If the data is consistent with separability, but not with homothetic separability, however, a test for separability of the indirect utility function cannot be used to test for separability of the direct utility function. Since the flexible functional forms that we consider in this study are approximations to the indirect utility function, we consider only the homothetic case to assure the existence of a separable dual structure between the approximated indirect and unknown direct utility functions. In a few cases, we did run the more complicated separability tests without homotheticity. The conclusions of the article were not altered in any substantive ways.
Elasticities of Substitution Under Homothetic Separability
In the two-good case, elasticities of substitution are rather easily computed, but the computational problems become much greater with three or more goods. If a utility function is homothetically separable, however, the computational difficulties can be reduced considerably by the use of a relationship between microelasticities and aggregate (macro) elasticities of substitution. The microelasticity of substitution here is the elasticity of substitution between elementary goods, and the aggregate elasticity of substitution is the elasticity of substitution between exact aggregates over weakly separable groups of goods. The first use of microelasticities and macroelasticities of substitution in the context of homogeneous weak separability was due to Diewert (1974a) , and his results were subsequently generalized to cover the homothetic weakly separable case by Blackorby and Russell (1976) . Diewert (1974b) developed such a relationship between microelasticities and macroelasticities of substitution in the case of Hicksian aggregation, which does not require separability but does require constant relative prices within the aggregated block of goods. We derive and use the analogous result in the case of blockwise weak separability without the need for constant relative prices.
Suppose that the quantity aggregator function F(y) in (2.1) is linearly homogeneous. Then from (2.2) it follows that the linearly homogeneous function P(p) exists. Define P such that It is well known from aggregation theory that Y = F(y) and P are the consistent quantity and (normalized) price aggregates, respectively. The corresponding nonnormalized price aggregate is acquired by multiplying both sides of (2.3) by total expenditure, p . ij, on the aggregated goods to get that Moreover, under these circumstances the continuoustime Divisia indexes over y and p are identical to the images of the aggregator functions, F and P , normalized in some base period (see Hillinger 1970; Hulten 1973; Richter 1966) . Hence the value of the first partial derivative of the aggregator function at a point can be obtained without knowledge of the functional form of the aggregator function.
Let P* = P(p*). Then the Divisia index formula evaluated at p* is written as where om= p,y,lCk pkyk and d is the total derivative operator. Therefore, the value of the partial derivative of the function (2.3) with respect to each p, can be obtained easily from (2.5) without our needing to know the functional form of (2.3). In particular, it follows that since we see immediately from (2.5) that As is easily seen by comparing (2.3) with (2.4), the same formula for Divisia aggregation is acquired if the nonnormalized prices, p and P, are replaced by the corresponding expenditure-normalized prices, p and ?j. Then by Shephard's lemma the system of compensated demand functions is derived by taking the partial derivatives of the expenditure function with respect to p, or q, for each m and n to get that x,(U, q, p) = aC(U, q, p)laq, for n = 1, . . . demand functions x,(U, q, P ) = aC*(U, q, P)ldq, for n = 1, . . . ,N a n d Y(U, q, P ) = aC*(U, q, P)IaP.
The cross-price elasticity of compensated demand for x, with respect to p, can be expressed in terms of the corresponding elasticity of substitution. In particular, it follows from a theorem of Uzawa (1962) that the crossprice elasticity at the point (U, q, p) is given by
f o r a l l m a n d n , wheres, = p,y,lC(U, q , p ) anda,,, is the Allen partial elasticity of substitution between y, and x, at the point (U, q, p). Now consider the cross-price elasticity of demand with respect to the aggregate price index at the point (U, q, P ) . Using, respectively, Shephard's lemma, the chain rule for differentiation, Equation (2.6), factor reversal, and Equation (2.7), we find that
where s = Ems,.
Using Equations (2.7) and (2.8), it follows that we may compute the aggregate elasticity of substitution, oA,, , between the aggregate, Y, and the good, x,, at the point (U, q, p) from --am,,, (2.9) which states that the elasticity of substitution between an aggregate (produced from a weakly separable block) and any good, x,, outside that block is equal to the microelasticity of substitution between x, and any good inside the block. This result is stated formally as a theorem.
Theorem 2.1. Suppose that a utility function is homothetically separable as in (2.1). Let Y = F(y) be the consistent quantity aggregate for y. Then the elasticity of substitutuion between x, and Y is equal to the elasticity of substitution between x, and any elementary good, yk, in y.
In fact, Theorem 2.1 immediately implies a result that Berndt and Christensen (1973a,b; 1974) derived. We state that result as a corollary to Theorem 2.1. Corollary 2.1. If a utility function is homothetically separable, as in (2.1), then the elasticity of substitution between x, and y, is independent of k for any fixed n.
The converse, however, is not true, since Corollary 2.1 does not imply our Theorem 2.1. In addition, Diewert (1974b) produced a result that closely resembles our Equation (2.9), but his result is neither necessary nor sufficient for (2.9), since his result was produced from the Hicksian aggregation condition, rather than from structural (separability-based) quantity aggregation.
When a utility function is homothetically separable, Theorem 2.1 and Corollary 2.1 make the computation of elasticities of substitution much easier. For example, suppose the utility function is of the following form: U = where ( y l , y2) are ho-U(ql(y1, YZ), qz(y3, ~4 ) )~ mothetically separable from ( y,, y,), and vice versa. The two aggregator functions are ql and 9,. At a given point, the elasticity of substitution between y, and y2 or between y, and y, can be computed by treating 9, and 9, as individual utility functions. The elasticity of substitution between any good in block 1 and any good in block 2 is easily computed as the elasticity of substitution between the two aggregates, Q, and Q2, at the given data point, where Q, = q1(yl,y2) and Q2 = q2(y3, ~4 ) .
Supernumerary Quantities, Elasticities of Substitution, and Income Elasticities
Homotheticity in consumer-demand analysis is regarded as too restrictive, since it implies unitary income elasticity of demand for all goods. A utility function that is homothetic in supernumerary quantities (quantities in excess of fixed committed quantities) is not homothetic in the elementary quantities, however. Hence a homothetic utility function can be converted into a nonhomothetic function by translating the quantities into supernumerary quantities. Such affine homothetic utility functions are often called quasihomothetic. The utility function that we use to generate our Monte Carlo data is quasihomothetic. We now derive some formulas that simplify computation of elasticities, when preferences are quasihomothetic. Let x = (x,, . . . , x,) be a vector of quantities of elementary goods, and let a = (a,, . . . , a,) be an ndimensional vector of constant "committed quantities." Consider a well-defined utility function, u = U(y), where y = x -a is the n-dimensional supernumerary quantity vector. Suppose that function U is homothetic in y. Since U is homothetic in y, the income elasticities of demand for the y,'s are unitary for all i, although the income elasticities of demand for the xi's are not necessarily unitary. The following theorem provides formulas relating the income and substitution elasticities for the xi to the corresponding elasticities for the yi's. The formulas are very useful, since the elasticities for the supernumerary quantities are of much simpler form than those for the elementary goods.
Theorem 2.2. Suppose a utility function is of the form, u = U(y) = U(x -a), as defined previously.
Let p be the vector of prices of the goods x. Let r,, be the elasticity of substitution between y, and y,. Then the elasticity of substitution, o,, between x, and x, and the income elasticity of demand, q,, for x, are
and where p = (p,,. . . ,IS,) is the expenditure normalized price vector, plm, for total expenditure m = p .
X.
Proof. Let m = m -p . a be supernumerary income. From (2.7), the compensated cross-price elasticity, ilij, of demand for yi with respect top, is zi, = tjs,, where sj = plyjlm. Similarly, the compensated crossprice elasticity, zij, of demand for x, with respect to pi is zi, = ol1q, where wl = pl . x,lm. It is easily seen, however, that
Our other result is that
The use of Formulas (2.10) and (2.11) is much easier computationally than the direct derivation of the elasticities by the usual methods. For example, the usual direct method for deriving elasticities of substitution requires the computation of second derivatives, which is not required in either of our preceding formulas. We use the results obtained in this section to compute those elasticities from the utility function adopted to produce our Monte Carlo data.
THE TRUE UTILITY FUNCTION
We have chosen Barnett's (1977) nonhomothetic WSbranch utility tree as the underlying true utility function in generating our Monte Carlo data. In this model, the individual aggregator (category) functions within the tree are in the form of the generalized quadratic mean of order p , as in the macroutility function defined over those aggregates. The WS-branch utility tree is the generalization to blockwise weak separability of the Sbranch utility tree, which is blockwise strongly separable. The WS-branch model is the only blockwise weakly separable utility function specification of which we are aware. In addition, the specification is a flexible function form when there are no more than two goods in each block and no more than two blocks. Those conditions are the ones under which we use the model.
The generalized quadratic mean of order p is of the following form: where p < 9; B, > 0 for all i, j; El CjBi, = 1; Bi, = B,, for i # j; and A > 0. These inequalities ensure the monotonicity and quasiconcavity of the function (see Denny 1974 ; Kadiyala 1972). To introduce a weakly separable structure, each q, is itself treated as an aggregate rather than as an elementary good so that (3.1) becomes the macrofunction defined over the aggregates. The aggregator functions producing the aggregates are of the form q, = q, (x,) , where x, is a subvector of x. We assume that these aggregator functions also take the same form as (3.1). The resulting nested twostage structure of means of order p produces the WSbranch utility function.
Since the three-good case is considered in our experiments, the true utility function used to generate our data is specified as follows. Let x,, x,, and x3 denote the quantity consumed of each good. The true utility function is where q1 = ql(xl, x,) and 9, = q2(x3) = x3 -a, are aggregator functions. The function ql has the same form as (3.2) in the supernumerary quantities, y = x -a, with x = (x,, x2, x3):
The parameters in (3.2) and (3.3) are subject to the same restrictions as the corresponding parameters in (3.1). Without loss of generality, the parameter A can be set to 1.0, since the selection of A produces only monotonic transformations of the utility function. Goods x, and x2 are weakly separable in U from x3. If B,, = 0, then (x,, x,) are also blockwise strongly separable from x3.
Since both the aggregator function (3.3) and the macro function (3.2) have identical specifications, the properties that we shall discuss apply equally to all of those functions. The B,, and A,, coefficients are called the interaction coefficients. If all of the interaction coefficients are 0, then all of the aggregator functions and macrofunctions are constant elasticity of substitution (CES), and the nested utility tree produced by them is the S-branch tree, which is blockwise strongly separable between blocks and completely strongly separable within each block. Unlike the CES function, the generalized quadratic mean of order p with nonzero interaction coefficient does not have constant elasticity of substitution and is not strongly separable. In the twogood case, the elasticity of substitution takes the following form: This elasticity of substitution formula is homogeneous of degree 0 in quantities, since the elasticity depends only on the ratio of two quantities. Note that o = 1 if p = 0 and o = 0 if p = -a . The elasticity formula (3.4) is directly applicable to the macrofunction (3.1) but not to the aggregator functions (3.3) unless a, = a, = 0 or Theorem 2.2 is applied.
DATA GENERATION
The experiments are performed over a sample size of 60 preselected quantity and total-expenditure points. We solve for the values of the parameters of the macrofunction and the category utility function, (3.2) and (3.3), that yield preselected values for the elasticities of substitution at the median data point. We then substitute those parameter values into the WS-branch inverse demand system and solve for the price values corresponding to the preselected quantity and expenditure values. For each set of quantity and price values, we add white noise to the quantity values in a manner that preserves the total expenditure stream. This step is repeated 50 times by randomly selecting 50 noise vectors from the assumed disturbance distribution. Hence there are 50 data sets for each selection of the WS-branch model's elasticities of substitution. Accordingly, we estimate the parameters of the approximating specifications 50 times for each of the selections of the true elasticities of substitution. This data-generation procedure is very similar to that used by Guilkey and Love11 (1980) and Guilkey et al. (1980) .
To obtain the initial preselected quantity and expenditure values for the preceding Monte Carlo datageneration procedure, we could generate a set of random data from a first-order autoregressive scheme. Alternatively, we could use an actual observed data time series. We adopt the latter alternative and use the consumption quantities and total expenditures from Barnett (1981, app. D) , whose annual data series span an unusually long time period extending back into the late 19th century. From Barnett's observations on U.S. consumption of perishables, semidurables, and services, we use the first 60 observations for the purpose of the experiments. For details of the data-generation procedure, see the Appendix.
THE APPROXIMATING FUNCTIONS
The first empirical specification we consider is the TL approximation to the indirect utility function where p is the expenditure normalized price vector and
In is the natural log operator. The following share equations result from the use of Roy's identity:
We impose the usual identifying normalization, Xk ffk = -1. Blackorby, Primont, and Russell (1977) showed that global imposition of weak separability on the TL causes the aggregator function to take a very restrictive form. As a result, the TL cannot be used effectively to test for global separability, since such a test would be a joint test for separability and for an unrealistically restrictive specification for the resulting aggregator functions. As a result, Jorgenson and Lau (1975) and Denny and Fuss (1977) suggested the use of an approximate local separability test by which, under the null hypothesis, separability need be satisfied only at the unit vector,
If x, and x, are separable from x,, then that local separability restriction becomes More precisely, the condition (5.3) is that p, and p2 are separable from p, at fi = 1 in V, since the restriction is obtained from the indirect utility function, V. We are seeking, however, to test blockwise separability of goods within U , not blockwise separability of prices within V.
Unless the utility function is homothetically separable, blockwise separability of V is not equivalent to blockwise separability of V. As a result, when the data is generated from (3.2) and (3.3) with nonzero (a,, a,, a,), the TL test of (5.3) may be inappropriate to our objectives. To avoid this problem, we concentrate most of our experimental efforts on testing for homothetic separability when the data is generated from the WSbranch model under homothetic separability restrictions. In these cases, homotheticity also is imposed on the approximating specifications, such as the TL.
The linear homogeneity restriction on TL is that 2 pij = 0 for all i.
(5.4)
I
The imposition of (5.4) does not destroy the secondorder flexibility property of TL so long as the data are produced from a homothetic utility function. The 3TL is obtained by adding to Equation (5.1) the third-order term of the Taylor series expansion in the logarithms about fi = 1 (see Dalal 1983; Hayes 1986).
The resulting specification for the indirect utility function, V, is for i = 1, 2, 3. As with the second-order TL, xkBk = -1 is a convenient identifying normalization.
The number of parameters has increased dramatically by the inclusion of the third-order terms. In the threegood case before any further theoretical restrictions are imposed, the total number of parameters is 18, while there are only eight parameters in the unrestricted second-order TL.
Hayes (1986) derived the parameter restrictions for approximate (local) separability and homotheticity. In the three-good case, if pl and p2 are separable from p,, the restrictions for separability at = 1 are and where p, <,, and <, are additional parameters to be estimated.
The restrictions for local homotheticity at the point p = 1 are and where ty, and I , U , are additional parameters to be estimated. As a special case, global linear homogeneity restrictions are obtained by setting ty, and ty2 equal to 0. When the global linear homogeneity restrictions are imposed, the total number of parameters to be estimated becomes nine. If the restrictions for approximate separability are imposed in addition to the (global) linear homogeneity restrictions, the number of parameters to be estimated becomes six. Note that the restrictions (5.9) are redundant if the linear homogeneity conditions are imposed.
The elasticities of substitution for the 3TL can be derived from Diewert's (1974b) (local) linear homogeneity, the preceding restriction may be imposed at the point of approximation. As a special case, the preceding equality holds globally for all p if q,= a, = ... = a, = 0. These global restrictions are widely used in the literature as the means of testing for or imposing homotheticity with the GL model, and SO, therefore, do we.
To obtain the separability condition, consider again the case in which p, and p, are separable from p,, where
The definition of separability directly leads to akPjk--alpjk+ ChEN(JjhPikljrhPjk)= 0 at the point = 1. We use this restriction in testing for approximate separability.
The final approximating specification that we consider is the RM in its absolute price version. The model's specification before addition of stochastic disturbances is for i = 1, 2, 3 and N = (1, 2, 31, where h,, = i (~, .~++ w,,,), Dm, = 2,13~,,Dx~,,, and the log change operator, D , is defined such that Dx,, = log xi,, -log xi,,-,. The parameter pi locally approximates the marBarnett and Choi: Tests of Blockwise Weak Separability ginal budget share of the ith good, and n,, locally approximates the Slutsky compensated function (pjpllm) ax,ldpjl u t i l i t y constant. The matrix of nii coefficients is called the Slutsky matrix. The parameters of the model are subject to the following theoretical constraints: xipi = 1, 2, nil = 0, and [nil] is symmetric and negative semidefinite. The model in its aggregated form was proved to be a flexible functional form by Barnett (1979a) and, in its disaggregated form, by Mountain (1988) . See also Barnett (1984) on that subject.
The first and second constraints are Engel aggregation and homogeneity of demand, respectively. Symmetry and negative semidefiniteness of [nu] are directly related to the condition of local quasiconcavity of the utility functon. In the case of the other models we consider, quasiconcavity of the utility function can be tested at each data point by checking the negative semidefiniteness of [c,.] . See Barnett, Lee, and Wolfe (1985) for the formulas for the elasticities of substitution of the T L and GL models. In the case of the RM, however, the test can only be conducted locally. The model cannot be used to test curvature conditions globally, since the Slutsky matrix is estimated only at the point of approximation.
The condition for local blockwise weak separability of the RM is for goods i and j in different blocks, where c is constant (see Barnett 1979b; 1981, th. 5 .1). The elasticities of substitution for the RM are obtained, as functions of the predicted expenditure shares, w,*, from the following formula: wf w; for all i, j. As shown by Theil(1971, p. 646) , the predicted value shares can be computed from w, T = wit -E,T for all i and t, where w, T is the predicted value share of ith good during period t, q, is the observed value shares of the ith good during period t, and E$ is the residual during period t of the ith estimated equation of the model.
With the RM, the test for separability does not require imposition of homotheticity, since the separability conditions for that model were derived directly from the Slutsky equation and hence are conditions for separability of the direct utility function, U , in goods rather than for the indirect utility function, V, in prices.
ESTIMATION
We employed full information maximum likelihood estimation (FIML), and we used the asymptotic loglikelihood ratio test statistic ( -2 log 1.) to test for separability. See Barnett (1976) for the relevant asymptotic theory. We first performed all of the experiments with homogeneity restrictions imposed a priori on all models except for the RM. The linear homogeneity restrictions were imposed not only on the approximating specifications but also on the WS-branch model used to generate the data. Except for the RM, all of the other approximating specifications required the impo-sition of linear homogeneity of preferences to permit periments with all of the specified approximate modthe separability hypothesis to be interpreted in terms els-the TL, the RM, the GL, and the 3TL. of direct utility rather than solely in terms of indirect The first two columns in each table are the true values utility. Despite the resulting failure of self-duality of of o,, and c,, at the median data point in each experiseparability, we also conducted some tests for separament. The third, fourth, and fifth columns report the bility when preferences were not required to be homestimates of the elasticities of substitution, c,,, ff13, and othetic. Since we found no marked differences in our ff23, from each approximating function without imposing conclusions, we report only the results under homoseparability on the approximating function. geneity restrictions.
Since the estimated elasticities of substitution vary In our experiments, goods 1 and 2 were blockwise over data points, an average of these estimates over the weakly separable from good 3 within the WS-branch (60) data points was first computed for each of the 50 true model used to generate the data. If WS-branch
replications. An average of the resulting 50 average also is homothetic, then ff13 = 023, and we, therefore, estimates was then computed to obtain each of the avneeded only to specify the two free-substitution elaserage elasticity estimates reported in the tables. The ticities, c,, and g13. Our experiments can be grouped numbers in parentheses that appear in the third, fourth, together into six general categories. In the first of those and fifth columns are the absolute mean deviations of six groups, the value of the elasticity of substitution the estimates of the elasticities of substitution over 50 between the two goods within the separable block (c12) replications. was set to be similar in value to that of the elasticity of
The numbers that appear in the sixth column are the the remaining free substitution elasticity (ff13). In the percentage of the data points at which the regularity second group of experiments, the value of c,, was set conditions (monotonicity and quasiconcavity) were vito be low. In the third group, the value of 013 was set olated. These percentages again are the average of the to be low. In the fourth group, c,, was set to be equal average. As was mentioned in Section 5, quasiconcavity to unity. In the fifth group, c13 was set to be equal to for the RM can be checked either from the matrix Tables 1-6 . Each of these tables contains results are the rejection rates of the null hypothesis over the results that were generated from one group of ex-50 replications at the 1%,5%, and 10% levels of sig- nificance. In the tables, the words "true" and "false" separable cases, since the WS-branch aggregator and refer to the null hypothesis. The true hypothesis in each macrofunctions become CES under strong separability. case is that goods 1and 2 are blockwise separable from Then the elasticities of substitutio? are not dependent good 3, as was always the case with the data generated on the observation and hence evaluation of the estifrom the WS-branch utility tree. The false hypotheses mates of elasticities of substitution, and their use in are that goods 2 and 3 are separable from good 1 or testing for separability is straightforward globally. We that goods 1 and 3 are separable from good 2.
found that our conclusions about the relative merits of We conducted the experiments both using blockwise the models were usually unchanged by the use of strong strongly separable structure (with zero interaction coefseparability rather than weak separability. Hence we ficients) in the WS-branch generating model and with often report only the more easily interpreted results blockwise weakly separable structure. The interpretausing blockwise strong separability. In those cases, any tion of results is substantially clarified in the strongly given blocking is either both weak and strongly sepa- rable or neither. As a result, there is no loss in validity In summary, separability within the true function in in using that generated data to compare tests of block- Tables 1 and 7 is weak separability, but separability wise weak separability.
within the true function in Tables 2-6 is blockwise An exception is the case in which a,,is close to a,,.
strong separability. In all cases, once the simulated data If those two elasticities are exactly equal, the true funchas been generated using the true function, the test tion then becomes the three-good CES function. In that using the approximating function is a test for weak sepcase the null hypothesis of separability cannot be false, arability. since any one of the three goods will always be separable from the other two goods. As a result, whenever all 7. RESULTS elasticities of substitution are similar (i.e., in Table 7 ), 7n1 blockwise weak se~arabilitv without blockwise strong u separability is used in generating the data. For purposes A somewhat surprising finding from these experiof comparison, an assortment of other results with ments is that the accuracy of a model's elasticity estiblockwise weak separability is supplied in Table 7. mates is not necessarily related to the statistical power of the separability-hypothesis test. Consider, for example, Table 1 , in which case the true cross-elasticities of substitution are similar to each other. Then for all four approximations the rejection rates of the null hypothesis when it is true are almost the same as, or even greater than, the rejection rates when the null is false. Furthermwe, when the point estimates of the true elasticities of substitution are of high quality in Table 1 , the rejection rates of the null hypothesis are all very low regardless of the truth or falsity of the null. A possible explanation for those results in Table 1 may be found in the direct relationship between (homothetic) separability and elasticities of substitution. Separability requires that the elasticity of substitution between any good in a separable block and any good outside the block be independent of the good inside the block. Hence imposition of separability is equivalent to the equating of certain elasticities of substitution. In Table 1 , however, all true elasticities of substitution are equal at the median data point regardless of whether the null is true or false. As a result, if the point estimates are of high quality, imposition of the null will have little effect on the point estimates and, therefore, on the likelihood function, regardless of whether the null is true or false. In the cases displayed in Table 1 , good quality point estimates are of little use in testing the null unless the precisions of the point estimates are very high.
There should, therefore, be substantial difference between the true substitution elasticities, a,, and 0 1 3 , for the separability tests to be statistically reliable. Tables  2-6 show much improvement in the performances of the four approximations in testing separability, although not for all cases. In particular, the rejection rates often are low when the null is false and high when the null is true. The performance of each approximating specification in testing separability is summarized as follows. When the elasticity of substitution, a,,, within the aggregator function is very low (Table 2), the statistical power of the separability tests using the four approximations is usually not high. There are two exceptions, (a) the GL when o13is relatively low and (b) the 3TL when the value of a,, is not far from unity.
When the elasticity of substitution between aggregates, 0 1 3 , is very low (Table 3) , all approximating specificatons usually provide high statistical power. There are two exceptions, (a) the RM when all;is low and (b) the 3TL when a,, is either low or very high.
When the value of either a,, or a,, is close to 1 (Tables  4 and 5 ) , the RM and the 3TL require a wider gap between a,, and cl3than any other models to provide reasonably high statistical power for the tests. When a,, is larger than a,,, the statistical power is usually higher than in the converse case (see Tables 2-6) .
The approximte (local) separability tests conducted with the G L model were seldom worse than those with the TL. In addition, we found no clear superiority of the 3TL over the regular TL. In fact, in many cases the between the estimated elasticities' mean absolute regular TL provides higher statistical power than the deviation (MAD) and the violation percentage of the 3TL.
regularity conditions. The greater the bias of the estiThe results reported previously are based solely on mated elasticities (i.e., the greater the value of MAD), the separability tests. We now discuss the results on the greater the violation percentage. The following adpoint estimation of elasticities of substitution and on ditional observations are specific to certain models. agreement with the theoretical regularity conditions. When all true elasticities are low, the GL performs best relative to these two criteria. This result is as ex-
Elasticities of Substitution and
pected from the fact that the GL becomes globally regRegularity Conditions ular in the Leontief special case. For results regarding the global behavior of some of these models, see BarThere are two common characteristics of the four nett (1985), Barnett, Lee, and Wolfe (1985, 1987) , and approximating functions in these experiments, (a) all Barnett and Lee (1985) . Furthermore, when the elasof the specified models produce reasonably good estiticities of substitution are low, the RM performs relamates of the true elasticities of substitution when the tively better than the TL in terms of the bias of the elasticities are similar to each other but not low, and estimated elasticities, although the RM's MAD'S are (b) all of the models' elasticity estimates deteriorate as slightly larger than those of the TL in most cases. the true substitution elasticities depart from one No case was found in which the 3TL performs better another. Furthermore, there is a close relationship than the regular TL. In fact, in most cases the violation percentage of the regularity conditions is higher for the 3TL than for the TL.
CONCLUSIONS
In many cases, all of the models did reasonably well in terms of producing accurate elasticity-point estimates and also in terms of the percentage of violation of the theoretical regularity conditions. The performance of the RM is found to be as good as that of the TL and GL models in terms of the bias of the estimates of the substitution elasticities.
Relative to the separability testing criterion, all models usually did poorly. The early theoretical speculations on this subject by Blackorby, Primont, and Russell (1977) appear to be confirmed and are not altered by the use of recent attempts to circumvent those problems. In particular, the problem is not solved by conducting the test at a point, rather than globally, or by the use of Varian's nonparametric test.
The 3TL produced no systematic gains over the regular TL relative to any of the three criteria used in this study. In addition, the well-known small-sample bias of the asymptotic likelihood ratio test towards rejection cannot be used to explain the poor performance of the separability tests, since acceptance of false hypotheses was equally as common as rejection of true hypotheses. The source of the unreliable inferences about separability probably lies in the specification error under the null with the common flexible functional forms, as was anticipated on theoretical grounds by Blackorby, Primont, and Russell (1978) , whose speculations are supported by our results.
It appears that blockwise separability, whether weak or strong, is a subtle structural hypothesis, which is difficult to test. We believe that newer, more sophisticated separability tests are needed, perhaps such as the test recently proposed by Blackorby, Schworm, and Fisher (1986) using the symmetric generalized Barnett model in a production context or the seminonparametric approach advocated by Gallant (1981) , Barnett and Jonas (1983) , Barnett and Yue (1988) , and Barnett, Geweke, and Yue (in press) in infinite dimensional parameter space. Blockwise separability is fundamental to all empirical research, since without separability the structure of the economy is necessarily prohibitively difficult to model empirically. New approaches to testing for separability merit much research.
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APPENDIX: DATA NORMALIZATIONS
The quantity data for each of the three goods was normalized to equal 20.0 at the 31st observation. This choice was made to assure that the disturbances, generated in the manner to be described, would not likely produce any negative quantities. In solving for the models' parameters at the preselected values for the elasticities of substitution, three restrictions had to be added to produce uniqueness of those solutions at each selected matrix of elasticities in substitution. One of those restrictions was that all prices equal 1.0 at the 31st observation. As a result, total expenditure equals 60 at that observation. The growth rates of the quantities of the three goods and of total expenditure were then used to generate the quantity and total expenditure data. The growth rates were acquired from Barnett's (1981) appendix D. The price data was acquired by substituting the quantity and total expenditure data into the inverse demand system. Those price series require no further normalization, since the parameters were selected subject to a restriction that assured that all prices equal 1.0 at the 31st observation.
It should be observed that the quantity data generated in this manner is not fully equivalent to that provided in Barnett's (1981) appendix D, since the preceding normalizations do not preserve the original expenditure shares in Barnett's data. Hence only the growth rates of the quantities and of total expenditure are acquired from Barnett's data. The expenditure shares were set equal to each other at the 31st observation by the normalizations described previously, and the price data was generated by the WS-branch model.
As mentioned previously, three additional restrictions were incorporated in the solution for the parameters of the WS-branch model. The reason is that the values of all elasticities of substitution at the 31st observation are not sufficient to determine the parameter values uniquely. We therefore used the additional restrictions that (a) all prices equal 1.0 in the 31st observation, (b) All + 2A12 + AZ2= 1, and (c) A12 = .1 and B12 = .1 or 0 in the weakly separable or strongly separable cases, respectively. Under those three restrictions, we solved for the parameters of the WSbranch model at each of the preselected values for the substitution elasticities at the 31st observation. The price data was then generated, as described previously, for each of those elasticity conditions.
Finally we add noise to the quantity data without altering the total expenditure by the following procedure. Let <,and 5, be randomly drawn independently from the normal distribution, N(O, .25). The new quantity data on the first good, R1, is simply obtained by adding to x l . Since this implies addition of p l t l to the original expenditure on x,, the total expenditure on x2 and x3 must be decreased by p1l1to keep total expenditure unchanged. The amount subtracted was allocated across the two goods, x2 and x3, in proportion to their respective expenditure shares. The new quantities of the second and third goods, R2 and R3, are obtained by the following equations: R, = x2 -(~2~l t l ) l~2 t 2 and -f3 = (m -p1R1 -p2R2)lp3, + where w2 = p2x21(p2x2+ p3x3) and m is total expenditure on the two goods.
Observe that addition of errors ma\-cause the quantity index to be negative in one or more periods. This is very unlikely for a sample size of only 60 observations, however, since our data normali~ations required the smallest quantity always to be large compared to probable drawings from the disturbance distribution. In fact, we never did encounter negative quantities in our experiments: although if we had. we would have redrawn the random numbers for the entire sample.
Other potential methods exist for lncorporatlng noise. such as the use of exponentid errors For example. G u~l k e~ (1980) used dnd Lo\ell(1980) and Gu~lkeq et dl y, = p,exp(c ). Another possibilit~ 1s x = x,exp(c,).
We tried those two exponential cases as well as our additive noise approach. The alternatives produced no significant difference in any of the conclusions of our study, so we report only the results with additive noise. [Hccc>cied Fehtl~art 1987 . Revlied Vovemher 1988 
